Using the idea of a transformation medium, a cloak can be designed to make a domain invisible to one target frequency. We examine the possibility of extending the bandwidth of such a cloak. We find that causality requirements impose severe constraints on the system parameters of the transformation medium, and we show that a specific form of "reduction" can help us to create a cloak that offers a reduced cross section in a finite frequency range. We also give a simple inequality that limits the bandwidth of operation. DOI: 10.1103/PhysRevB.76.241104 PACS number͑s͒: 42.25.Fx, 41.20.Jb, 42.25.Gy There has always been a keen interest in designing a coating that can make an object invisible, and the idea of using "transformation media" to achieve invisibility has drawn great interest recently.
There has always been a keen interest in designing a coating that can make an object invisible, and the idea of using "transformation media" to achieve invisibility has drawn great interest recently. [1] [2] [3] [4] [5] [6] Similar ideas can be used to manipulate electromagnetic waves, such as field concentration, 7 electromagnetic wormholes, 8 and field rotation. 9 It has been noted that an invisibility cloak operates at one single frequency 4, 5 due to causality constraints. 10 For example, an electromagnetic cloak at microwave frequencies works at 8.5 GHz, 4 while an optical cloak is designed to function at = 632.8 nm. 5 Other mechanisms of cloaking have also been proposed. For example, Alù and Engheta 11 proposed to shield a dielectric particle by using a plasmonic coating to cancel the lower-order scatterings, and they have shown 12 that their cloaking technique exhibits robustness to frequency and geometric variation. In this paper, we demonstrate how we obtain a reduced scattering cross section ͑invisibility is the ultimate limit͒ for a range of frequencies based on the idea of coordinate transformation. 1 The strategy is to sacrifice the cross section for bandwidth. It is quite clear that we cannot achieve perfect invisibility for an extended range of frequencies, and so we aim at a reduced cross section in a finite frequency range.
We show that the permeability and permittivity determined from a fairly general form of transformation media equations can be realized only in one single frequency, and we suggest a specific "reduced" form of the permeability and permittivity such that the permeability and permittivity will not violate the causality conditions for a finite frequency range. Such a reduced form of transformation media equations gives us a simple way to design a dispersive cloak that operates in a finite frequency range. We show that there are constraints that limit the bandwidth, which is summarized by a simple inequality. We limit ourselves to two-dimensional ͑2D͒ systems. In the following, we use the term "dispersive cloak" to mean a cloak that works for a finite bandwidth with the frequency dispersion of the metamaterial taken into consideration.
Using the transformation medium recipe, we generate the ideal 2D invisibility cloak by compressing a cylindrical region, 0 Յ r Յ b, into a concentric cylindrical shell, a Յ r Յ b, by the mapping rЈ = a + r͑b − a͒ / b, which results in anisotropic permittivity and permeability in the cloaking shell 13 of the form
The cloak is equivalent to the free space. Let us consider a more general transformation that compresses the concentric cylindrical shell region r 0 Յ r Յ b into another shell a Յ r Յ b, with the coordinate transformation r = b − ͑b − r 0 ͒ / ͓f͑b͒ − f͑a͔͓͒f͑b͒ − f͑rЈ͔͒, where f͑r͒ is a smooth function. The anisotropic permittivity and permeability in the cloaking shell a Յ r Յ b that can give an equivalent distortion of the space are given by
where f͑aЈ͒ = ͓bf͑a͒ − r 0 f͑b͔͒ / ͑b − r 0 ͒ and fЈ͑r͒ = ͑d / dr͒f͑r͒. For the special case of r 0 = 0 and f͑r͒ = r, Eq. ͑2͒ reduces to Eq. ͑1͒. If we choose, in particular, f͑r͒ = r, then aЈ = b͑a − r 0 ͒ / ͑b − r 0 ͒. The principal refractive indices for Eq. ͑2͒ are 10 n r
Such a system has an index ellipsoid of the form
where k r and k are the components of the propagation vector in polar coordinates, k ជ = k r r + k ͑r and are radial and tangential unit vectors for every point in real space inside the cloak͒. The magnitude of the group velocity is then 15
͑4͒
We must make sure that the group velocity v g Յ c is in every direction. There are two necessary conditions such that
The above two inequalities result in two conflicting conditions for all frequencies except for the trivial solution a = r 0 . One potential nontrivial solution is that dr 0 / d = a − r 0 . However, on substituting the solution of this equation into Eq. ͑4͒, we will find that v g = c for r and , and v g Ͼ c otherwise. We can show that the more general form of Eq. ͑2͒ encounters the same problem.
The result shows that no analytic function r 0 ͑͒ can satisfy the causality requirement. In other words, the generalized transformation media equations given by Eq. ͑2͒ can be realized in only one single frequency, and if a material obeys the transformation media equations in one frequency, the and cannot satisfy the transformation media equations in any other nearby frequency. This also means that, in all likelihood, the scattering cross section will increase rapidly once we move away from the target frequency.
For ease of fabrication, there are several methods of reduction, 4, 5 which lump all the spatial dependence into to just r . For instance, we can have
Such reduction preserves the index ellipsoid, and thus the transformation media cannot be extended to a finite bandwidth even if we allow r 0 ͑͒ to be an arbitrary function of the frequency. Let us now discuss what motivates us to consider the general form of Eq. ͑2͒ in the first place. To achieve an invisible cloak, we would like to set r 0 = 0. It is quite obvious that, if we choose to set r 0 = 0 for one frequency, say a , we cannot set r 0 = 0 for another nearby frequency a + ⌬, since that would require that we have frequency-independent permittivity and permeability. For the reason that metamaterials are intrinsically dispersive, this is not possible. But suppose that the generalized form of the transformation media ͓Eq. ͑2͔͒ can be satisfied for a range of frequencies. We may then attempt to construct a dispersive system such that r 0 ͑͒ is zero at one frequency and r 0 ͑͒ is small ͑but finite͒ for a certain frequency range. We hope that by sacrificing the cross section for the bandwidth, we can achieve a finitebandwidth "partial" cloak that has a zero cross section in one frequency and a very small cross section in nearby frequencies. However, the index ellipsoid consideration shows that this is an impossible task. We also know that the usual form of reduction, which preserves the refractive index within the cloak, will not help.
In the following, we will show that a slightly modified form of the transformation media equations yields an index ellipsoid that gives v g Յ c in every direction. Consider the form
with its corresponding reduction
where r is a very slow varying function ͑treated as a constant͒ over a certain frequency range. Note that in Eq. ͑5͒ aЈ is a function of r 0 , while in Eq. ͑7͒ aЈ and r are independent.
The principal refractive indexes are then n r = ͱ z = ͑b − r͒ / ͑b − a͒ and n = ͱ z r = ͓͑b − r͒ / ͑b − a͔͒͑r − aЈ͒ / r. We see that n r is not a function of the frequency but n still is.
If we introduce an auxiliary angle such that k r = ͑ / c͒n r cos and k = ͑ / c͒n sin , the causality condition ͑v g Յ c͒ can be written as
We note that this condition is not always satisfied. 16 However, we will show by explicit construction that the conditions can be satisfied in some cases. We should emphasize that Eq. ͑7͒ is not the only way to design a cloak that operates in a finite frequency range, but it is a convenient way of doing so while sticking as close as possible to the original transformation media equations, which are known to offer perfect invisibility at one frequency.
We can extract some important intrinsic physical information by considering the direction
Since r is taken to be much smaller than b, we have the inequality
This is a necessary condition. This invisibility condition sets a limit on the bandwidth of the type of reduced transformation media equation as specified by Eq. ͑7͒. The physical meaning of this condition is clear. If we hope to be invisible in a larger frequency range with cloaking based on geometric transformation, we must have more tolerance for r 0 ͑the cross section is larger͒. Based on Eq. ͑7͒, we present a dispersive cloak design working in a microwave frequency range with its metamaterial implemented as an array of split ring resonators ͑SRRs͒. The inner and outer radii are a = 27.1 mm and b = 58.9 mm, the same as in an experimental case. 4 We set r 0 ͑ = 8.5 GHz͒ = 0 mm and r 0 max = r 0 ͑ = 8.75 GHz͒ = 4 mm. And we set r = r 0 av = ͑0+r 0 max ͒ / 2 = 2 mm, which means that z = ͓͑b − r͒ / ͑b − a͔͒ 2 = 3.2. With these parameters, we can obtain from Eq. ͑7͒ the designed r at 8.5 and at 8.75 GHz. To obtain a particular design, we need a certain metamaterial to realize the designed r . The SRR medium is chosen because it is a well-developed and widely used form of metamaterial 17, 18 whose dispersion relation can be written as
where ␥ = 0.01 GHz. We note that this form is expected to work only for a limited frequency range, and more complex functions would be needed for a very broad range consideration. This is not an issue here since the cloak has limited bandwidth in any case. Following the reported microwave experimental technique, we break the continuous cloaking material into ten shells in the radial direction. 4 We determine the SSR parameters F and f 0 for each shell by requiring the real part of Eq. ͑10͒ to be equal to the r of Eq. ͑7͒ at 8.5 and 8.75 GHz. Table I shows the SSR parameters for each shell.
To show the advantage of this dispersive cloak, we also construct a single-frequency cloak as in Ref. 4 . We assume a Lorenzian form of dispersion ͑other dispersion relations such as the Drude model give similar results͒ of the singlefrequency cloak material:
where f 0 and ␥ are the same as in the SRR of our design, but f a = ͱ F8.5 GHz to obtain the required r at 8.5 GHz ͑r 0 =0 case͒ and z is 3.43. Figure 1 shows the normalized total scattering cross section ͓normalized to a bare perfect electrical conductor ͑PEC͒ cylinder with radius a = 27.1 mm͔ at different frequencies of our dispersive cloak and the single-frequency cloak. We first calculate the total cross section of a PEC cylinder for different frequencies. We then calculate the total cross section for both the dispersive cloak and the single-frequency cloak, and normalize them to the PEC case for different frequencies. We find that the dispersive cloak works in a broader frequency range than the original one.
In such reduced cloaks, the cross section is not zero. The minimum cross section is about 30% of the bare cylinder for both the dispersive cloak and the single-frequency cloak at that range, as shown in Fig. 2 , where we compare the scattering pattern of the dispersive cloak ͑at 8.625 GHz, the central frequency of the working bandwidth͒ and the original cloak at 8.5 GHz. The incident TE plane wave is from left to right in the x direction. 20 The results are calculated using the finite-element solver COMSOL MULTIPHYSICS ͑our own finitedifference time-domain code gives nearly the same results͒. We note that r at a frequency of 8.625 GHz does not follow Eq. ͑7͒ strictly but it is extracted from the SRR model, and the cloaking effect is no worse than for the original cloak at 8.5 GHz. The frequency of the minimum cross section for the dispersive cloak can be tuned by the value of r.
Finally, we emphasize that the parameters chosen here have been tested to ensure that the causality constraint ͓Eq. ͑8͔͒ is satisfied. As an example, we calculate v g / c as a function of the parametric angle at the frequency of 8.5 GHz for the inner most shell ͑the first͒, the fifth shell, and the ninth shell. We find that v g / c is always smaller than 1, as shown in Fig. 3 .
In conclusion, we have shown that a generalized form of the transformation media equations can be realized at one single frequency, but it cannot be made to be compatible with causality over an extended range of frequencies, no matter how small that range is. However, by a simple adaptation, the reduced form transformation media equations can be made to be compatible with the causality requirements, which then leads to a simple way of designing a reducedcross-section cloak for a finite range of frequencies. We found that the reduced media equations obey a simple invisibility condition, which limits the bandwidth. An explicit example is constructed to illustrate the idea. 
